PHYS 271 Formula Sheet
Eddie Guo

Constants
h=6.6261 x 1073 Js=4.135 x 10 ®eVs
h

h= o = 1.0546 x 1073* Js = 6.6582 x 10" % eVs
Yis

c=3x10°m/s € =8854x10""*F/m o =4r10"" Wh/Am

1J:16V
e

kE=138x10"*J/K Ry =1.097x10"m"
u=1.661 x 10" kg = 931.494 MeV /c?

me = 9.109 x 10~*" kg = 0.511 MeV /c?

mp = 1.673 x 107" kg = 938.27 MeV /c*

m, = 1.675 x 10~ " kg = 939.57 MeV /c?

p =9.274 x 107** J/T = 5.788 x 10 ° eV/T

1J =2.39 x 10~ * keal e=1.6022 x 107*°C

Na = 6.022 x 10%3

Special Relativity

Galilean transforms: t' =t, ' =z + ot y =, 2=z

Inertial frame: A reference frame in which a body at rest remains at
rest and a body in motion moves at a constant speed in a straight line
unless acted upon by an outside force.

Postulates:
1. The laws of physics are the same in all inertial frames of reference.
2. Speed of light same in all inertial frames.

Relativity of simultaneity: Two spatially-separated events simultane-

ous in one reference frame are not simultaneous in any other inertial
frame moving relative to the first.

If events occur at same spatial location, simultaneous in all frames.

At 1
Time dilation (proper time): AT = —

e Stationary frame experiences longer time relative to moving
frame. AT is the shortest possible interval.

e A7 is time interval btw two events is time interval measured by
an observer for whom both events occur at the same location.

Length contraction (proper length): Lo = vyL
e [ is length of obj measured by an observer at rest relative to it.
e [ is longest possible length.

Tip: At and Lo are measurements of S’ by S

Iy~1-3°/2

account for time dilation

Approzimation: If 8 <€ 1, vy~ 1+ [32/2

Radioactive decay: N(t) = Noe /7,

Lorentz transform

S— 5

/ !’

ct' =y(ct — Bz), o' =~(x—pBct), Yy =y, =2
S8 ct=qlct' +pz"), =70 +Bct), y=y, z2=2
4-vectors: z = [ct, x,y, 2] = [ct,r]"
vy =By 00
r_ —By Y 0 0
v=Az, A= 0 1 0
0 0 0 1

CAUTION: Account for the ¢ in ct!

Transformations in Minkowski space
1452

’ [1+ 32 ’
T =x 1— 3 ct =ct -3

Intervals: As® = (cAt)2 — A% — Ay® — AZ?

v
tana = —
c

(Lorentz invariant)

e Timelike: (cAt)® > Az® + Ay® + AZ? As® >0
e Lightlike: (cAt)® = Az® + Ay® + AZ° As® =0
e Spacelike: (cAt)® < Az® + Ay® + A7 As® <0

Causality: If events A and B are linked, then they have to be timelike
or lightlike separated, and all observers agree on temporal order.
e If events timelike, their order is fixed (inside the light cone).

e If events lightlike, event A reaches B at exact instance B occurs.
All observers agree that A occurs before B.

e If events spacelike, no causality. Not all observers agree on order
(outside of the light cone).

Relativistic Doppler Effect

VIR

fobs = fsrcm, light moving at € wrt observer
. 1—

Directly away: fobs = fsrc %

Directly towards: fobs = ferc %

Transverse: fobs = fsrc\/ﬁ

Moving Charges

Ap — An = )\527 Ap is +ve q density, A, is -ve g density

Qi - ’ ’
Assuming vy~ 1: F = o k A =AY, A=y
27r
Highly relativistic case: F' = yF F, =~F, F| =F,
Relativistic Mechanics
ul, + v u, ul,
U = 7— 5 Uy = 0 7 57 Uy =
1+ vul/c? ~v(1 4+ vul, /c?) ~v(1 + vul, /c?)
o = Uz —V w = Uy o = Uz
T —vug/c? Y (1 — vug /c?) 2oyl = vug/c?)
e v is velocity of event relative to S.
e v is velocity of S’ relative to S.
e v is velocity of event relative to S’
e 7 is wrt to v.
d-velocity: v = [ye, v, 79, v2]" = [ye,yu]” v = Au
du
4-momentum: p = ymu Forces: F = yme
E = fymc2 =FE,+ Ey E,=(y— l)mc2 Ey = mc?

E T 18 17
p= {apzmy,pz] = [f,p] E? =mPct 4+ pc®
~ C C

Invariant mass (Lorentz invariant): p -



Classical physics: £ = —

For p > m, E =~ pc
2m

u? qBR

For u 1 B, tu:'ymE:’y: p=¢qgBR =ymu

mu
Approach: Set up E-cons and p-cons — sub into E-p relationship.

General Relativity

Equivalence principle: A homogeneous gravitational field is completely
equivalent to a uniformly accelerated reference frame.

Gravitational lensing: o = 462;7]\4
2R
Einstein’s field eqs: Guu + g\ = #Tw
c

Charge Quantization

J.J. Thompson: discovered electrons (“cathode rays”).

Q =Ne = W:N(lmqf) = Q (lmuQ)
2 e \ 2

e 2W
mu=QBR — = OB?R2
Millikan: oil drop expt to det e.

2

2
Stoke’s law: vr = i(pparticle - pmediurﬂ)
9
3
mg 41r° poirlg
E— — g _ 207 Foild
q mg = q D 3E

Energy Quantization
Wien’s displacement law: ApmaxT = 2.898 X 1073 mK
Radiation power: P(T) = g AT*
Radiation intensity: R(T) = oT"
Stefan’s constant: o = 5.6703 x 10~° W/(m* K*)

2 1 °F : :
V?E = — ——-, cubic cavity of length L, £ = 0 at walls:
c? 0t?
8rL?
33
dN| _ 8rL? . 83
dy| X T

Modes: N =

Modes/A: ‘

Modes/(A-V): pn(A) = —

Classical Blackbody Formula via Equipartition Thm

B density/A u(\) = 53(B) = oo k= 1.38 x 10- J /K

Rayleigh-Jeans eq: R(\) = Qﬂ)]\zTC

UV catastrophe: pp(A) = u(A) dA = o0 (infinite E density)
0

Exptl obs: A -0 = u(A) =0 (Planck solves this issue)

Planck’s Blackbody Formula
hv
exp (%) -1
_ 8£< ) = 8m hy
At Mexp (37) — 1

Energy: (E) =

E density/A: u(X) c=hv

) dE  8m/? hv
E density/v: u(v) = A xp (M) 1
kT

2
Radiant intensity: R(A,T) = 27TZC < hlc )
A exp (5i7) — 1

Asmall = R(X) = ZWffC

Alarge = R(\) — 0

Photoelectric Effect
E), = eV = electron energy depends on v of light, NOT intensity

Ekmax = hv — ¢ ¢ = hf. (set By =0)

1.24 1076
Xerays: A = L2207 X 1077

Compton Effect

h h

h
27,1 - |:)\717 )\717070]

h h .
P2 = {/\—2, oW cos 6, oW bln970:|

E

De1 = [mec,0,0, 0} Pe2 = |:;7p€ €08 ¢, —Ppe sin ¢, O:|

h E hc
)\2—)\1:mec(1—0080) Pv:% E'W:hz/zj

—~—

Ac
Compton shift: A\ = Ac(1 — cos8)
Rutherford Scattering

Q4o 0

Impact parameter: b =

Qg <1+c0s9>

%Y ot = =
4megmav? © 2 4mweo(2E%) \ (1 — cosf

2
1+ cosf
Area: o0 = 7b? = Qo
reas o =m T (871'60Ek 1 —cosf
Scattering fraction: f = onlL

1 N
Atoms/unit V: n = %

nL : atoms per unit area

p (kg/m®), M (u)

A causing « to scatter at angle 0:

dao ze® \° 1
dQ ~ \8meoE ) sin*(9/2)

N (ALl (2 \* 1
n r2 8reoE ) sin*(0/2)

Ip is beam intensity

Bohr Atom
L = mur =nh
252
Quantized radius: r, = M me can be diff from e~ mass
meZe?
6Z2 4 1
Quantized energy: E, = _%ﬁ
Ground state E for H: F; = —13.6eV n=/7Z=1"for H
E in nth orbit for H: E,, = fE—g = — 13'626\/
n n
1 meZ%e* (1 1
Rydberg formula: N = W <W — ﬁ) m<n
——
Ry

Ry =1.097x10"m™* m = 1 is ground state

To m = 1: Lyman (UV), m = 2: Balmer (vis), m = 3: Paschen (IR)
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k

‘Wave-Particle Duality Schrédinger Equation
2m o n? 9%y 01
Photon Momentum: p = — = hk kl=—|ih2 = - — =
p Py =5 g = ~gm gz TV @¥(@0) o
de Broglie wavelenth: \ = h E=hw| ¢z t) = Ae'**= /oo [W)? de =1, |p]> =™
o h 3 1) = W t
Non-relativistic: A = Ey = kT P(z,t) = U(x)p(1)
2mEy, iEt/h
= ¢(t) =
L Ac h
Relativistic: A = : Ae = — B2 2w
V2(Ex/Eo) + (Ex/Eo) me o d + V(z)¥(z) = EY(x) (time-indep Schré eq)
Ultra-relativistic (Ex > Fo, B ~ pc): A = )\C% _ % ....................................................................
k k Infinite Square Well
.................................................................... 12 g 2o -
——— =FEV¥ — = LG
‘Wave Packets om de? (z) = a2 2 (z)
e —is 1 1
Yz = Cjwtz =1 + g = 24 e cos (aAk’x - §Awt) K2
L
P k1 + k2 oo tws | ¥(0)=¥(L)=0, V(z)=0,0<z<]L, / |¢($)|2 dr=1
- 9 ) - 2 0
2 . 2 . (nmx
Group velocity: vy = (Cil—"]: =vp + k% = V(z) = VI sin(kz) = Wn(z) = 75 (T) , neZ
_nm ., nhm B p2 B n2h2n?
= k= T rEE T = e = e
_ 2 . NTL\  _jwnt 2 NTTN  —iE,t/h
(2D Fourier transform) Vi, t) = V Zsm( L )e VL n( L )e
Finite Potential Well
B d*v
“omdez OV
2mE
k=
h

Uncertainty relations: AkAz ~ 1, AwAt ~ 1
AEAt >

Inside well:
‘I/(,'.E) :AleikI+A2€72kz7
R d*v

= (B~ Vo) ¥(x)
2m(V0 — E)

Phase velocity: v, =
Heisenberg Uncertainty Principle
() = / / Ak, w)eF* =Y dk dw

o Jo
1 h
Ox0k = 5, Ax = 0., Ap = hoy, ApAx > 3
Particle in a Box of Length L
(Ap)* = (") = ()* = Ap2
2 Ap)? B2
Be=T) =0 = =@ = (B> B =
m m m Outside well: ——
.................................................................... 2m da?
Single Slit Diffraction U(z) = B1e®® + Bae ®%, a= ;
o . oo o o2 (T
Y(0) = Acos(kr — wt) sinc (Xa sin 0) I = I sinc (Xa sin 9) Well of length @ € [—a, a] with potential Vo:
At min: AL =asinf = n)\ n==+1,4£2,... (NOT 0) By =0forz>aand Bs =0 for x < —a
o~ 2L g Apy >, Ae=% p=l| Ato=a A4 A = B
j 2Ax 2 A ik . _
Atz = —a, A1e” " + Aze""® = B1e”
Intensity a
—> tanka = —, —cotka = %
Quantum Mechanics
" R % sind Expectation: (z) :[w P (z, )z (z, t) dz
a —E a a 2 a h a . h 8
) ’ Momentum operator: p = — — (p) = / P == )¢ dx
.................................................................... 1 8x oo 7 ax
Double Slit Diffraction . o P2 .
Hamiltonian operator: H =T +V = o +V
md 2 n o A
— sm@) cos(kr — wt) = H= o B +V(z) = HY(z) = EV(x)
> | d Quantum Simple Harmonic Oscillator
1,2 1 2 2 . 1 o
N dsing Vi(z) = ikm = 57\71;;1/15 at = 2hmw(¥1p+ mwe)
[A,B] = AB— BA [x,p] = ih [6-,a4+] =1

A

Narrow Slit
P(0) = 2A cos(

I:Iocos2 (ﬂ—d sin0)
A
For m =0,4+1,+2, ...
e Max I: dsinf = mA
e Min I: dsinf = (m—l—%))\



[A,B] =0 = A and B can be measured simultaneously.

oy U 1 . 1
H:hw(a+a,+§>:m<a,a+—§)

(E + hw)(a+ )
(E - hw)(a- )

Raising operator: fl(d+\lf) =
Lowering operator: H(a_ W) =
Ground state: a_Wo(z) =0

1

W (2) = Npe #7211, (Bx) B=y5

2 qd" 2

(71)’”61 ﬁe

Ho(z) =1, Hy(x) = 2z, Ha(z) = 42° — 2, Hi(x) = 8z° — 12z

Physicist’s Hermite polynomial: Hy(x) =

Reflection € Transmission

Step Potential of Vo < FE
d>v 2

r<0: W = —kl’l/}(l'),
d°v
dx?

For z < 0: V()

2mE
h
2m(E — Vo)
h

k1=

z>0:

= 7k§w(x)a k2 =

:Aeiklx_’_Befikla:
=
L—R
For z > 0: Wy(z) = Ce'™2”
BC:A—I—B:C, k1A — k1B = kC

R |B|? _ (& — ko) _ ks |C? __dkiks
|A[Z - (k1 + k2)? ki |A[2 - (k1 + k2)?

R—L

Quantum Tunneling

Barrier potential of Vo > E from z € [0, L].
x<0:VU(x) = AeF1® 4 peTi®
0<z<a:¥s(z)=Ce "+ De™”
— FetMT 4 Gemikie

_ 1 E(_EY\ -2
= osh2(AL) + (v/2)2smb2(AL) ~ Vs (1 Vo> c

_V2mE

x>a: Us(x)

Young’s Double Slit Experiment
d°v

ikx
= A¢e'
dx?

= KU(z) = V()

At screen: U(z) = A(e™*® 4 FTTAD)) = 9 gtk FAT/2 g (kgx)

Polarized Light
Consider — filter, 45° filter, and 1 filter, where — L 1 filter.
[Wol* = 0.5 (=) + 0.5 (1[1)

1
|12 =0.5(=]—) = ¥; = i [—=)

We're at 45° filter (think cos@|—) + sin @ |1)):

[457) = 2 (1) +11) =457 = (1) ~ 1)
— =) = 7(|45 ) + |-45%) 1) = %(\45 ) — |-45%)
— 0= %H) 2(145°) +|-457) = W = £ l45")
W= () + 1)

o= Sl = 1wl = i = Lk
e
3D Schédinger eq: f%VZ\I/(r,t) +V(r,)U(r,t) = maqjgg 1)
Infinite Square Well
o= [ (2) = () (32)
Erpnyn, = :—; (zz + Zg + Lz) o(t) = e BT

Ground state when n, = ny, = n. = 1. If 2 or more dimensions of box
equal, then the excited states are degenerate.

If (Ly > Ly) A (Ls > Lz), first excited state is (ng, ny,n:) = (2,1, 1).

Schridinger Equation in Spherical Coordinates for Hydrogen Atom
Separation of variables: W(r,0,¢) = R(r)Y (0, ¢) = R(r)0O(6)P(¢)

Y =Y(0,¢) is spherically harmonic
1d (pdRY | 2w
Rar \" ar 02

1 [sinf d de 1d°d
=— {e @(1 QEJF%T&)}_W“)

[E—V(r)]

sinf d (. dO ‘.2_1@_ )
-6 0 (sm@de) I(l+1)sin” 0 = Y m
const
B(¢) =€, mel
!
O(0) = Nim Pl (cos8), Pl(z)=(1— 2)m/2d1;n:;l($)

= l€Z, Im| <l

2m  2mr2

*—th 0 rﬁ
P r29r \ or

I? = _h25111129 {sm@aae <51n9§0> + %;]
L?Yim (60, ¢) = U1 + 1)h*Yin (6, 6)

LY (0,¢) = m*R*Y (0,¢)

IL| = I(l+1)h, I €N

L. =mh=+/I(l+ 1)kcos

6 =cos™ ! <m>
I(l+1)

EyU 4+ VU = BV — (pT +

—
=
(L quantized)

m=0,%1,...,4l

Omin if m =1; 21 + 1 values for L.,



2 d ( ,dR(r) e? Rl +1) B
" 2mr? dr (r dr T dmeor 2mr? R(r) = BR(r)
Me e? 2 1 FEy
- 2 <47Teoh> n? n? 0=13.6eV

Quantum Numbers

e n: principal quantum number (QN); dets E lvl of e ; n € N\ {0}
e [: angular momentum QN; gives |L|; [ =0,1,...,(n —1)
—1=0: s, l=2:4d, l=3: f

e m: angular momentum projection QN; m = 0,+1,..., +!

l=1: p,

— aka magnetic QN (m;)
e s: spin QN; 1/2 for fermions
e m: spin projection QN; ms = £1/2
For | = 0: P(r) dr = |[{noo|*47r® dr

Orbital Angular Momentum
=JA= 1 T
= =354

C L=pp/Il+1) ch

= 2Me

Stern-Gerlach Expt € Spin-Orbit Coupling

gLiUB € €
h Me M 2Me

dB dB
F=-VU=-V(-u-B) = F. =pu.— = —upmgr—
dz dz
e Expected 1 line on screen but saw 2 lines.
e 1 line = uniform, constant field.

e 2 lines = non-uniform field.

Spin angular momentum: |S| = +/s(s+ 1)k

S, =msh, ms = :I:% for e”

Zeeman Effect

U=—p,B=—(—pupmi)B=mupB Mz = jhcosf
——
pz

Splitting of energy lvls by Bext. Larger B means larger splitting.

# of splits =21 + 1 E.g.,,l=1—1=0 has 3 lines.

Pauli exclusion principle: no two e~ can be in exactly the same phys-
ical state at the exact same time.

Total Angular Momentum
J=L+S

J=+/3G+ Dh J. =mjh

j=l+sorj=I1l+ms
7 states of m = 2j + 1

Nuclear Physics
Hyperfine Splitting
F=I+1J

I: nuclear ang mom, J:e ang mom

AE = gymipun Be fn, = ch , nuclear magneton

T 2my,

a: 32X =573 Y +5a (due to quantum tunelling)
B decay due to weak force
e emission: éX —>§+1 Y +0,1 e + U,

+

p" emission: éX %é_l Y +(1) e+ .

e capture: EX +9%, e —>§,1 Y 4+ ve
v 9X =5 X+

Atomic radius: R = RoAl/S, Ro =1.2fm, A = # of nucleons

Binding Energy and Radioactivity

E
Ey = (Zmp + Nmy, — Ma) 2, BEN = Xb’

Am

A is atomic #

Fe-56 is most stable atomic nucleus, stable N = {20, 28,50, 82,126}
A < 56 releases E when extra nucleon added, fusion more likely

A > 56 requires F when extra nucleon added, fission more likely

% = AN = N = Npe M, N = No(2)~ /112 ti)e = mTz
. dN,
For decay series where b — a: i = —AaNg + Ao Ny

Strong Force

At short range, Coulomb potential dominates: U, o< 1/r

At O(1 x 10~ "° m), strong force dominates: Us oc —1/7™, m > 1
Force transmitted via m meson

At short range, repulsive U dominates: Uexclusion X 1/1"”7 n>m

As radius |, F lvls 1 spacing (think Pauli exclusion)

Quantum Mechanics & Relativity
Klein-Gordon Equation
R

ﬁ—VQ(JS‘FmQ(JS:O

4-vector gradient: 0, = (%, %, %, %) , o' = 8{

(8,0 +m>)p(x,t) = 0 = (O + m*)é(x, t)

Plane wave soln: ¢(x,t) = Ce PP — (—E 4+ p* + m°)p =

0 = E==4+p>+m?

02 is d’Alembertian

issue of negative F

z%f = (=i - VBm)(x,t) or Ev(a-p + Bm)y
—@ _(_\72 2 2, 5 )

e 1) is now a 4-component vector called a spinor.
e Solutons to Dirac eq have positive definite probability density.
e Dirac: spin-1/2 particles; Klein-Gordon: spin-0 particles.

e Dirac says F lvls symmetric about £ = 0. To prevent +ve E e~
going to -ve E states, all -ve E states are filled (Pauli exclusion)
= vaccum is sea of E < Qe .

e Anti-particles due to absence of e~ w/ E < 0 (i.e., a hole).

Feynman interpretation: -ve E particles propagating back in time =
+ve E particles propagating forward in time.



