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1 Important Equations

Theorem 1.1. (De Moivre’s theorem). ()" = ¢ = (cost + isint)™ = cosnt + i sin nt.

Corollary 1.2. cosnf = R(e™?) and sinnf = 3(e™?).

% = cos 30 + isin 30 = (cos @ + isin0)® = cos® O + 3i cos? fsin§ — 3 cos fsin? § — isin® @

R(e*?) = cos 30 = cos® § — 3 cosHsin? 0 = cos® 6 — 3cos (1 — cos? 0) = 4cos® 0§ — 3cos b

3(e*) = sin 36 = 3cos?sinf — sin® f = 3(1 — sin® ) sinf — sin®f = 3sinf — 4sin’ 0

Definition 1.1. (Complex logs). log z = In |z|+iarg z = In|z|+i(t+27k), k € Z. Furthermore,

Theorem 1.3. (nth root). If 2™ = ¢, then z = |c|}/7eliarge)/n — |c|t/neit+2mR)/n k=01, ..

Example 1.4. Compute /3.
§1/3 = e3logi — ox(nlil+iargd) _ eé(ﬂ/Q +27k), k=0,1,2
k=0: ™6 =1(V3+1i)
k=1: e®/6=1(—\/3+1i)
k=2: e¥3"/2=_
2 Trigonometric Functions

Definition 2.1. The complex trig functions are

ei® + e~ ? ) elr — g% e? + e~ % ) e —e %
cosz=————, sinz=————, coshz=——, sinhz=——"—
2 21 2 2
coshz = cosiz, isinhz =siniz, tanhz = —itaniz, tanhiz=1itanz

cos z = cos(x + iy) = cosz coshy — isinz sinh y
sin z = sin(z + 4y) = sinx coshy + i cos z sinh y
Example 2.1. Solve for z given cos z = 2.
1z —iz
: —’_26 =2= 2" _4e* +1=0

eZ.Z:41\/21641:%[\/?:

2C = eclogz.

,n—1

iz =log(2 + V/3), Note that (24+V3)(2—V3) =1, so (2—V3) = (2+V3)!

z= i% log(2 + V/3)
= +ilog(2 4+ V3)
= 4 [111(2 +3) +iarg(2 + \/5)]
= + [m(z +V3) + z’(zwk)} , kez

:i{iln(2+\/§)+2wk}, ke



3 Linear Fractional Transformations (LFTs)

Definition 3.1. (LFTs). An LFT is defined as w = w(z) = Zzzidb where det {lcl 2} # 0.

Corollary 3.1. Let w := 1/z. Then w takes A(z% +y?) + Bz + Cy+ D = 0 in the z-plane to D(p? +v?) +
Bp — Cv + A =0 in the w-plane, where w(z) = p + iv.

Example 3.2. Given w := 1/z, what is |z + 1 — i| = v/2 in the w-plane?
lz+1—i|l=V2= (2 + 1)+ (y—1)2=2
Pyt 420 —2y=0=2u+20+1=0
Example 3.3. Given w := 1/z, what is |z — 3| = 2 in the w-plane?
z—3|=2= (z-3)*+y*> =4
2?4y —6r+5=0=5u+v?) —6u+1=0

u—§ 2—|—v2— 2 2:> w—§ _2
5 ~\5 5[5
This is a circle in the w-plane centered at (—3/5,0) with radius 2/5.
Lemma 3.4. Given T(Py) = Q1, T(P2) = Q2, T(Ps) = Q3, we can obtain an LFT w = w(z) by solving
z—P (PQ—Ps) _w—=G (QQ_QS)
z—P3 \P,— P, w—Q3 \Q2— Q1
Lemma 3.5. Given P;, P, P3 on acircle in C, if T'(P,) =0, T(P;) =1, T(P3) = 0o, then

Z*Pl P27P3
T =
(Z) Z—Pg <P2—P1>

maps the circle to the real axis.
Theorem 3.6. Compositions of LETs are LFTs.

Example 3.7. Consider the unit circle C = |z 4 i| = 1. Find an LFT which maps C to the line [ given by
the parametric equation I(t) = (1 4 2i) +t(—2 +i),¢ € R. Describe the region w(|z +i| < 1).

Choose 3 points on C : 0, —2i, —1 — 4. Set T(0) = 0, T(—2¢) = 1,
T(—1—1i) = oo. Then the LFT is

T =3 —Z(—_lof i) <_2i_2§_10_ i)) R (1_2;)

Since T'(C) is the real axis, I(z) = (=2 +14) T'(z) + (1 + 24).

In (z,y) coordinates, I(t) passes through (1,2) with slope —1/2 : 5;2 =

-1
choose a point within C, say —i.
—i 1—34 1—1 1 3
T(—Z) = - ! .Z = - L = —— —7—
20+1\ -2 49+ 2 10 10

w(—i) = (=2 +1) T(—i) + (1 4+ 2i) = (-2 +1) (-1 Sy

173 5 7 5
y<3/2):‘2(2>+2:4<2

Since w(i) is above [(t), w(|z +i| < 1) = {z € C| I(z) > —iR(z) + 2}. To find an LFT that maps I to C
(i.e., the inverse map), solve for z in w = (=2 +1) T(2) + (1 + 21).



4 Complex Differentiation

Definition 4.1. (Complex derivatives). The complex derivative is defined as f(2) = po + vy = vy — ipy.
The derivative exists <= the Cauchy-Riemann equations exist: g, = vy, fty = —v,.

Definition 4.2. (Domains). Domains are open, connected sets. Let D € C be a domain and p € D be a
point. Then,

1. f is analytic at p if f’(2) exists at p AND in an epsilon neighbourhood around any p.
2. f is analytic Vp € D <= f’(2) is analytic Vz € D.
3. f is entire if f is analytic on C.

Example 4.1. Let f(z) = (xy? +y) +iyz?. Find all points p € C where f'(p) exists and compute f'(p). Is
f analytic at any p?

Let i = xy? and v = yz?. By the CR equations,

e =y =2° = v, = v =+y
py =2xy +1= 22y =—v, = 2y =—1/4

Therefore, z = £1/2 and y = F1/2, which means p = {%(1 — 1), %(—1 + z)}

| =
M| .

F'(p) = pa(p) + iva(p) = y° +i(2xy)|p, = = —

f is nowhere analytic as f’ does not exist on any neighbourhood around p.

cot z
z4+16

Example 4.2. Find all points where f(z) = is analytic.

cos z
f(z) = m
Since cos z, sin z, and z* + 16 are entire, f is analytic except when the denominator is 0.
sinz=0=z=kn, keZ
A 416=0= 2= (—16)"/* = 2°Cm /4 1y —0,1,2,3
Thus, f is analytic where {z € C}\ {km, 2e'™/4, 2e¥37/4, 2e57/4 2e177/4Y | € 7.

Example 4.3. Let f(z) = p+iv be an entire function satisfying Au+ Br+C = 0, where z € C, A, B,C € R,
and (A, B) # (0,0). Show that f € C is a constant function.

by ol e 1 R R o RS
= |"" 7" = = det |"" TF| =det|"" vl = i—i— 2=V2—|-V£=O
Apy + Bry, =0 ty vyl |B 0 Hy  Vy Hy Kz H Hy Y

By the CR equations. Vy = Vv = 0 implies u, v € R. Therefore, f(z) = p + iv is a constant function.

Example 4.4. Let f(z) = p +iv be an entire function satisfying v = p?. Show that f(z) € C is a constant

function.
vy =24ty = vy — 2ptpty =0 vy iyl [=20] [0
Mz Ve | Mo —Hy| _ 2 2 _ 2 2 _
det = det =py+p, =v,+v;=0
[uy Vy] [uy . } Ha T 1y =Py

By the CR equations. Vu = Vv = 0 implies u, v € R. Therefore, f(z) = p + iv is a constant function.



5 Important Examples
Example 5.1. 7 — 38 4+ 5 = (=1)36 — 3(—1)%0i + 5 = 6 — 3
Example 5.2. (1 —/3i)7% = (2e777/3)75 = 275¢157/3 = 25 (% - z?)

3?0 _ 102072 _ 10%°

(3+1)2°
=P T 532 T 55

Example 5.3. ‘ =g

Example 5.4. Let the roots of the equation (z+1)°+2% = 0 be 2, k =0, 1,...,4. Show that R(z;) = —1/2.

5 5
1 1
(Z—i-1)5—&—z5:O:>(—Z+ ) :(_1_> -1
z

z

1 : 1
_ i - i(2k7/5) _ — _ _
(1+Z> e C k=0l A==y A=2n/5
B 1 (1 4cosAk) —isin Nk 1+ isin \k
~ 14cosAk+isin Ak 2(1 + cos Ak) 2 2(1+4cos\k)

Therefore, R(z,) = —1/2 for k =0,1,...,4, which lies on the line x = —1/2.
Example 5.5. Express the complex number z = cos(w(1 + 7)) in the form a + b, where a,b € R.
cos(m(1 4 1)) = cos(m + im) = cos 7 cosim — sin 7 sin iw
= cosmcoshm —¢sinmsinhw
= —coshm
e’ +e "
—

|eilog2| _ |ei(ln2+iarg2)| _ |eiln26727rk| _ 67271’](?7 LeZ

Example 5.6. |z|' =
Example 5.7. Compute R [(1 —iv/3)3].
(1—iV/3)% = Bilog(1—=iv3) _ 3i[ln2+i(—F+2mk)] _ 63i1n26—3(—§+2ﬂ'k), LeZ
= [cos(3In2) +isin(3In2))e™ % kecZ
R {(1 - z\/g)&] = 0D 065(3In2), keZ

Example 5.8. Find all values of loge”.

loge® =In |e*| + i arge”
x 1y

le*| = |e"e®| = e*, arge® = arg(e“e¥) =y + 21k, kEZ
loge® =Ine® +i(y + 2nk) = (x +iy) + 2nki = z + 2wik, ke€Z

Example 5.9. Show that log z!/N = % log z.

Zl/N _ elogz/N _ eﬁ(ln|z|+iargz) _ |Z|1/N€ﬁ arg z
1
log z'/N =1n |z|1/N + W 87 +2nmwi, ne€Z

Lo 4 2
= —1In — ar
N HEIT Oy aes

—Nogz

Example 5.10. Show that log 2"V # Nlog 2.

N _ eNlogz eN(ln|z|+zargz) — |Z|N61Nargz — |Z|N61N(t+27rn)’ nevz

z
logz¥ = NIn|z| +iNt +2mni, ncZ
# Nln|z| + iNt + 2nNwi = Nlog 2



Example 5.11. Find all values of log[(1 + 4)3]. Are the values the same as that of 3log(1 +)?
log[(14i)%] = 3Inv2 + iarg[(1 +i)%] = 3In V2 + (T +27m> , nez
. ) . (T 3w
3log(1+ i) = 3[In V2 + iarg(1 + )] = 3Inv2 + 3i (Z +27rm) =3Inv2+i (4 +67rm) , MmeZ

Thus, the values are not the same.

1z+1
z+i °

Example 5.12. Given w(z) =

(i) Verify that w(z) is an LFT.
11
det L z] =-2+#0
(ii) Describe the image w(|z| < 1) in the w-plane.

Choose 3 points on the circle |z| = 1. Since w(i) = 0, w(—i) = oo, w(1l) = 1, the LFT maps |z| = 1
to the real axis, §(z) = 0. Choose a point inside the circle: w(0) = —i. Therefore, w(|z| < 1) ={z €
C|S(2) <0}

(iii) Find an LFT w = w(z) that takes the real axis to the unit circle |z| = 1.

This is the inverse transformation, where we solve for z in terms of w:

. . . ; , ) 1—iw —iz+1
wiz+i)=iz+l=wz—iz=1—iw=2(w—1i)=1—iw=— 2= ;W= ,
w — z—1

Example 5.13. Consider the map w = 1/z. Describe the image w(|z + 1 — 2i|) = /6.

l241-2i=V6 <= (+1)2+@y—2%=6 < (22 +y})+22—-4y—1=0
(D) +v*) +2u+4v+1=0
Wt —2u—4r—1=0
(b= 1)+ (v —2)> =6
lw—1—2i| =6
This is a circle in the w-plane centered at (1,2i) with radius v/6.
Example 5.14. Let f(z) = 222 — y? + i2zy.
(i) Find where the Cauchy-Riemann equations hold.
po =4r =20 =1y = 2x=0
Py = =2y =2y = -1y
Therefore, CR equations hold when z = 0 = R(z) = 0.
(ii) Find where f is differentiable.

The partial derivatives exist and are continuous wherever the CR equations hold. Thus, f’ exists and
is differentiable when = 0, which implies R(z) = 0.
(iii) Find where the function is analytic.

f is nowhere analytic because there is no neighbourhood around any point on R(z) = 0 where f’ exists.



Example 5.15. Find the image of the region -5 < S(z) < 5 and 0 < R(z) <1 under the transformation
w = e*.
w=e*=¢e" Y =e" +iesiny
w(x,y) =ecosy and v(x,y)=e"siny

Holding x fixed at @ = 1, then pu? + v? = e?(cos®y + sin? y) = e2. Thus, the image of the line segment

x =1, —m/2 <y < 7/2 in the w-plane is the semicircle y = ecosy, v = esiny, where y € [-7/2,7/2].

Similarly, holding z fixed at = 0, then u? + v? = cos® y + sin® y = 1. Thus, the image of the line segment
x=0, —7/2 <y < m/2, in the w-plane is the semicircle 4 = cosy, v = siny, where y € [—7/2,7/2].

Holding y fixed at y = w/2, then u = 0, v = ¢®, where 0 < z < 1. Then the image in the w-plane of the line
segment 0 < x <1, y = x/2 is the line segment 4 =0, 1 <v <e.

Similarly, holding y fixed at y = —7/2, then u = 0, v = —e*, where 0 < x < 1. Then the image in the
w-plane of the line segment 0 <z <1, y = —7/2 is the line segment p =0, —e <v < —1.
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