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1 Important Equations

Theorem 1.1. (De Moivre’s theorem). (eit)n = eint =⇒ (cos t+ i sin t)n = cosnt+ i sinnt.

Corollary 1.2. cosnθ = <(einθ) and sinnθ = =(einθ).

e3iθ = cos 3θ + i sin 3θ = (cos θ + i sin θ)3 = cos3 θ + 3i cos2 θ sin θ − 3 cos θ sin2 θ − i sin3 θ

<(e3iθ) = cos 3θ = cos3 θ − 3 cos θ sin2 θ = cos3 θ − 3 cos θ(1− cos2 θ) = 4 cos3 θ − 3 cos θ

=(e3iθ) = sin 3θ = 3 cos2 sin θ − sin3 θ = 3(1− sin3 θ) sin θ − sin3 θ = 3 sin θ − 4 sin3 θ

Definition 1.1. (Complex logs). log z = ln |z|+i arg z = ln |z|+i(t+2πk), k ∈ Z. Furthermore, zc = ec log z.

Theorem 1.3. (nth root). If zn = c, then z = |c|1/ne(i arg c)/n = |c|1/nei(t+2πk)/n, k = 0, 1, . . . , n− 1.

Example 1.4. Compute i1/3.

i1/3 = e
1
3 log i = e

1
3 (ln |i|+i arg i) = e

i
3 (π/2 + 2πk), k = 0, 1, 2

k = 0 : eiπ/6 = 1
2 (
√

3 + i)

k = 1 : ei5π/6 = 1
2 (−
√

3 + i)

k = 2 : ei3π/2 = −i

2 Trigonometric Functions

Definition 2.1. The complex trig functions are

cos z =
eiz + e−iz

2
, sin z =

eiz − e−iz

2i
, cosh z =

ez + e−z

2
, sinh z =

ez − e−z

2
cosh z = cos iz, i sinh z = sin iz, tanh z = −i tan iz, tanh iz = i tan z

cos z = cos(x+ iy) = cosx cosh y − i sinx sinh y

sin z = sin(x+ iy) = sinx cosh y + i cosx sinh y

Example 2.1. Solve for z given cos z = 2.

eiz + e−iz

2
= 2 =⇒ e2iz − 4eiz + 1 = 0

eiz =
4±
√

16− 4

2
= 2±

√
3

iz = log(2±
√

3), Note that (2 +
√

3)(2−
√

3) = 1, so (2−
√

3) = (2 +
√

3)−1

z = ±1

i
log(2 +

√
3)

= ±i log(2 +
√

3)

= ±i
[
ln(2 +

√
3) + i arg(2 +

√
3)
]

= ±i
[
ln(2 +

√
3) + i(2πk)

]
, k ∈ Z

= ±
[
i ln(2 +

√
3) + 2πk

]
, k ∈ Z
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3 Linear Fractional Transformations (LFTs)

Definition 3.1. (LFTs). An LFT is defined as w = w(z) = az+b
cz+d where det

[
a b
c d

]
6= 0.

Corollary 3.1. Let w := 1/z. Then w takes A(x2 + y2) +Bx+Cy+D = 0 in the z-plane to D(µ2 + ν2) +
Bµ− Cν +A = 0 in the w-plane, where w(z) = µ+ iν.

Example 3.2. Given w := 1/z, what is |z + 1− i| =
√

2 in the w-plane?

|z + 1− i| =
√

2 =⇒ (x+ 1)2 + (y − 1)2 = 2

x2 + y2 + 2x− 2y = 0 =⇒ 2u+ 2v + 1 = 0

Example 3.3. Given w := 1/z, what is |z − 3| = 2 in the w-plane?

|z − 3| = 2 =⇒ (x− 3)2 + y2 = 4

x2 + y2 − 6x+ 5 = 0 =⇒ 5(u2 + v2)− 6u+ 1 = 0(
u− 3

5

)2

+ v2 =

(
2

5

)2

=⇒
∣∣∣∣w − 3

5

∣∣∣∣ =
2

5

This is a circle in the w-plane centered at (−3/5, 0) with radius 2/5.

Lemma 3.4. Given T (P1) = Q1, T (P2) = Q2, T (P3) = Q3, we can obtain an LFT w = w(z) by solving

z − P1

z − P3

(
P2 − P3

P2 − P1

)
=
w −Q1

w −Q3

(
Q2 −Q3

Q2 −Q1

)
Lemma 3.5. Given P1, P2, P3 on a circle in C, if T (P1) = 0, T (P2) = 1, T (P3) =∞, then

T (z) =
z − P1

z − P3

(
P2 − P3

P2 − P1

)
maps the circle to the real axis.

Theorem 3.6. Compositions of LFTs are LFTs.

Example 3.7. Consider the unit circle C = |z + i| = 1. Find an LFT which maps C to the line l given by
the parametric equation l(t) = (1 + 2i) + t(−2 + i), t ∈ R. Describe the region w(|z + i| < 1).

Choose 3 points on C : 0, −2i, −1 − i. Set T (0) = 0, T (−2i) = 1,
T (−1− i) =∞. Then the LFT is

T (z) =
z − 0

z − (−1− i)

(
−2i− (−1− i)
−2i− 0

)
=

z

z + 1 + i

(
1− i
−2i

)
Since T (C) is the real axis, l(z) = (−2 + i) T (z) + (1 + 2i).

<(z)

=(z)
−1

−1i

1−1

|z + i| = 1

In (x, y) coordinates, l(t) passes through (1, 2) with slope −1/2 : y−2x−1 = − 1
2 =⇒ y = y(x) = − 1

2x+ 5
2 . Now

choose a point within C, say −i.

T (−i) =
−i

2i+ 1

(
1− i
−2i

)
=

1− i
4i+ 2

= − 1

10
− i 3

10

w(−i) = (−2 + i) T (−i) + (1 + 2i) = (−2 + i)

(
− 1

10
− i 3

10

)
+ (1 + 2i) =

3

2
+ i

5

2

y(3/2) = −1

2

(
3

2

)
+

5

2
=

7

4
<

5

2

Since w(i) is above l(t), w(|z + i| < 1) =
{
z ∈ C | =(z) > − 1

2<(z) + 5
2

}
. To find an LFT that maps l to C

(i.e., the inverse map), solve for z in w = (−2 + i) T (z) + (1 + 2i).
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4 Complex Differentiation

Definition 4.1. (Complex derivatives). The complex derivative is defined as f ′(z) = µx + iνx = νy − iµy.
The derivative exists ⇐⇒ the Cauchy-Riemann equations exist: µx = νy, µy = −νx.

Definition 4.2. (Domains). Domains are open, connected sets. Let D ∈ C be a domain and p ∈ D be a
point. Then,

1. f is analytic at p if f ′(z) exists at p AND in an epsilon neighbourhood around any p.

2. f is analytic ∀p ∈ D ⇐⇒ f ′(z) is analytic ∀z ∈ D.

3. f is entire if f is analytic on C.

Example 4.1. Let f(z) = (xy2 + y) + iyx2. Find all points p ∈ C where f ′(p) exists and compute f ′(p). Is
f analytic at any p?

Let µ = xy2 and ν = yx2. By the CR equations,

µx = y2 = x2 = νy =⇒ x = ±y
µy = 2xy + 1 = −2xy = −νx =⇒ xy = −1/4

Therefore, x = ±1/2 and y = ∓1/2, which means p =
{

1
2 (1− i), 1

2 (−1 + i)
}

.

f ′(p) = µx(p) + iνx(p) = y2 + i(2xy)|p =
1

4
− i

2

f is nowhere analytic as f ′ does not exist on any neighbourhood around p.

Example 4.2. Find all points where f(z) = cot z
z4+16 is analytic.

f(z) =
cos z

sin z(z4 + 16)

Since cos z, sin z, and z4 + 16 are entire, f is analytic except when the denominator is 0.

sin z = 0 =⇒ z = kπ, k ∈ Z

z4 + 16 = 0 =⇒ z = (−16)1/4 = 2ei(2m+1)π/4, m = 0, 1, 2, 3

Thus, f is analytic where {z ∈ C} \ {kπ, 2eiπ/4, 2ei3π/4, 2e5π/4, 2ei7π/4}, k ∈ Z.

Example 4.3. Let f(z) = µ+iν be an entire function satisfying Aµ+Bν+C = 0, where z ∈ C, A,B,C ∈ R,
and (A,B) 6= (0, 0). Show that f ∈ C is a constant function.

Aµx +Bνx = 0

Aµy +Bνy = 0

}
=⇒

[
µx νx
µy νy

] [
A
B

]
=

[
0
0

]
=⇒ det

[
µx νx
µy νy

]
= det

[
µx −µy
µy µx

]
= µ2

x + µ2
y = ν2y + ν2x = 0

By the CR equations. ∇µ = ∇ν = 0 implies µ, ν ∈ R. Therefore, f(z) = µ+ iν is a constant function.

Example 4.4. Let f(z) = µ+ iν be an entire function satisfying ν = µ2. Show that f(z) ∈ C is a constant
function.

νx = 2µµx =⇒ νx − 2µµx = 0

νy = 2µµy =⇒ νy − 2µµy = 0

}
=⇒

[
νx µx
νy µy

] [
1
−2µ

]
=

[
0
0

]
det

[
µx νx
µy νy

]
= det

[
µx −µy
µy µx

]
= µ2

x + µ2
y = ν2y + ν2x = 0

By the CR equations. ∇µ = ∇ν = 0 implies µ, ν ∈ R. Therefore, f(z) = µ+ iν is a constant function.
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5 Important Examples

Example 5.1. i72 − 3i81 + 5 = (−1)36 − 3(−1)40i+ 5 = 6− 3i

Example 5.2. (1−
√

3i)−5 = (2e−iπ/3)−5 = 2−5ei5π/3 = 2−5
(

1
2 − i

√
3
2

)
Example 5.3.

∣∣∣ (3+i)20(2−i)3

∣∣∣ = |3+i|20
|2−i|3 = 1020/2

53/2
= 1010

5
√
5

Example 5.4. Let the roots of the equation (z+1)5+z5 = 0 be zk, k = 0, 1, . . . , 4. Show that <(zk) = −1/2.

(z + 1)5 + z5 = 0 =⇒
(
−z + 1

z

)5

=

(
−1− 1

z

)5

= 1

−
(

1 +
1

z

)
= ei(2kπ/5), k = 0, 1, . . . , 4 =⇒ zk = − 1

1 + eiλk
, λ = 2π/5

= − 1

1 + cosλk + i sinλk
= − (1 + cosλk)− i sinλk

2(1 + cosλk)
= −1

2
+

i sinλk

2(1 + cosλk)

Therefore, <(zk) = −1/2 for k = 0, 1, . . . , 4, which lies on the line x = −1/2.

Example 5.5. Express the complex number z = cos(π(1 + i)) in the form a+ ib, where a, b ∈ R.

cos(π(1 + i)) = cos(π + iπ) = cosπ cos iπ − sinπ sin iπ

= cosπ coshπ − i sinπ sinhπ

= − coshπ

= −e
π + e−π

2

Example 5.6. |z|i = |ei log 2| = |ei(ln 2+i arg 2)| = |ei ln 2e−2πk| = e−2πk, k ∈ Z

Example 5.7. Compute <
[
(1− i

√
3)3i

]
.

(1− i
√

3)3i = e3i log(1−i
√
3) = e3i[ln 2+i(−π3 +2πk)] = e3i ln 2e−3(−

π
3 +2πk), k ∈ Z

= [cos(3 ln 2) + i sin(3 ln 2)]eπ−6πk, k ∈ Z

<
[
(1− i

√
3)3i

]
= e(6k+1)π cos(3 ln 2), k ∈ Z

Example 5.8. Find all values of log ez.

log ez = ln |ez|+ i arg ez

|ez| = |exeiy| = ex, arg ez = arg(exeiy) = y + 2πk, k ∈ Z
log ez = ln ex + i(y + 2πk) = (x+ iy) + 2πki = z + 2πik, k ∈ Z

Example 5.9. Show that log z1/N = 1
N log z.

z1/N = elog z/N = e
1
N (ln |z|+i arg z) = |z|1/Ne i

N arg z

log z1/N = ln |z|1/N +
i

N
arg z + 2nπi, n ∈ Z

=
1

N
ln |z|+ i

N
arg z

=
1

N
log z

Example 5.10. Show that log zN 6= N log z.

zN = eN log z = eN(ln |z|+i arg z) = |z|NeiN arg z = |z|NeiN(t+2πn), n ∈ Z
log zN = N ln |z|+ iNt+ 2πni, n ∈ Z

6= N ln |z|+ iNt+ 2nNπi = N log z
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Example 5.11. Find all values of log[(1 + i)3]. Are the values the same as that of 3 log(1 + i)?

log[(1 + i)3] = 3 ln
√

2 + i arg[(1 + i)3] = 3 ln
√

2 + i

(
3π

4
+ 2πn

)
, n ∈ Z

3 log(1 + i) = 3[ln
√

2 + i arg(1 + i)] = 3 ln
√

2 + 3i
(π

4
+ 2πm

)
= 3 ln

√
2 + i

(
3π

4
+ 6πm

)
, m ∈ Z

Thus, the values are not the same.

Example 5.12. Given w(z) = iz+1
z+i .

(i) Verify that w(z) is an LFT.

det

[
i 1
1 i

]
= −2 6= 0

(ii) Describe the image w(|z| ≤ 1) in the w-plane.

Choose 3 points on the circle |z| = 1. Since w(i) = 0, w(−i) = ∞, w(1) = 1, the LFT maps |z| = 1
to the real axis, =(z) = 0. Choose a point inside the circle: w(0) = −i. Therefore, w(|z| ≤ 1) = {z ∈
C | =(z) ≤ 0}.

(iii) Find an LFT w = w(z) that takes the real axis to the unit circle |z| = 1.

This is the inverse transformation, where we solve for z in terms of w:

w(z + i) = iz + 1 =⇒ wz − iz = 1− iw =⇒ z(w − i) = 1− iw =⇒ z =
1− iw
w − 1

=⇒ w =
−iz + 1

z − i

Example 5.13. Consider the map w = 1/z. Describe the image w(|z + 1− 2i|) =
√

6.

|z + 1− 2i| =
√

6 ⇐⇒ (x+ 1)2 + (y − 2)2 = 6 ⇐⇒ (x2 + y2) + 2x− 4y − 1 = 0

(−1)(µ2 + ν2) + 2µ+ 4ν + 1 = 0

µ2 + ν2 − 2µ− 4ν − 1 = 0

(µ− 1)2 + (ν − 2)2 = 6

|w − 1− 2i| =
√

6

This is a circle in the w-plane centered at (1, 2i) with radius
√

6.

Example 5.14. Let f(z) = 2x2 − y2 + i2xy.

(i) Find where the Cauchy-Riemann equations hold.

µx = 4x = 2x = νy =⇒ x = 0

µy = −2y = 2y = −νx

Therefore, CR equations hold when x = 0 =⇒ <(z) = 0.

(ii) Find where f is differentiable.

The partial derivatives exist and are continuous wherever the CR equations hold. Thus, f ′ exists and
is differentiable when x = 0, which implies <(z) = 0.

(iii) Find where the function is analytic.

f is nowhere analytic because there is no neighbourhood around any point on <(z) = 0 where f ′ exists.
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Example 5.15. Find the image of the region −π2 ≤ =(z) ≤ π
2 and 0 ≤ <(z) ≤ 1 under the transformation

w = ez.

w = ez = ex · eiy = ex + iex sin y

µ(x, y) = ex cos y and ν(x, y) = ex sin y

Holding x fixed at x = 1, then µ2 + ν2 = e2(cos2 y + sin2 y) = e2. Thus, the image of the line segment
x = 1, −π/2 ≤ y ≤ π/2 in the w-plane is the semicircle µ = e cos y, ν = e sin y, where y ∈ [−π/2, π/2].

Similarly, holding x fixed at x = 0, then µ2 + ν2 = cos2 y + sin2 y = 1. Thus, the image of the line segment
x = 0, −π/2 ≤ y ≤ π/2, in the w-plane is the semicircle µ = cos y, ν = sin y, where y ∈ [−π/2, π/2].

Holding y fixed at y = π/2, then µ = 0, ν = ex, where 0 ≤ x ≤ 1. Then the image in the w-plane of the line
segment 0 ≤ x ≤ 1, y = π/2 is the line segment µ = 0, 1 ≤ ν ≤ e.

Similarly, holding y fixed at y = −π/2, then µ = 0, ν = −ex, where 0 ≤ x ≤ 1. Then the image in the
w-plane of the line segment 0 ≤ x ≤ 1, y = −π/2 is the line segment µ = 0, −e ≤ ν ≤ −1.

<(z)

=(z)

1

−π/2

π/2

z-plane

µ

ν

e

−e

e

−1

1

w-plane
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