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Heat Equation

Dirichlet BC
ut = α2uxx

u(0, t) = 0

u(L, t) = 0

u(x, 0) = f(x)

u(x, t) =

∞∑
n=1

cne
−α2n2π2t/L2

sin
nπx

L

v(x) = 0

cn =
2

L

∫ L

0

f(x) sin
nπx

L
dx

Neumann BC
ut = α2uxx

ux(0, t) = 0

ux(L, t) = 0

u(x, 0) = f(x)

u(x, t) =
c0
2

+

∞∑
n=1

cne
−α2n2π2t/L2

cos
nπx

L

v(x) =
c0
2

c0 =
2

L

∫ L

0

f(x) dx

cn =
2

L

∫ L

0

f(x) cos
nπx

L
dx

Nonhomogeneous
ut = α2uxx

u(0, t) = T1

u(L, t) = T2

u(x, 0) = f(x)

u(x, t) = v(x) + w(x, t)

v(x) =
T2 − T1

L
x+ T1

w(x, 0) = f(x)− v(x)

cn =
2

L

∫ L

0

(f(x)− v(x)) sin
nπx

L
dx

Forcing Term
ut = α2uxx + q(x)

u(0, t) = T1

u(L, t) = T2

u(x, 0) = f(x)

u(x, t) = v(x) + w(x, t)

v′′(x) = −q(x)

α2

w(x, 0) = f(x)− v(x)

cn =
2

L

∫ L

0

(f(x)− v(x)) sin
nπx

L
dx

Wave Equation

General Case
utt = α2uxx

u(0, t) = 0

u(L, t) = 0

u(x, 0) = f(x)

ut(x, 0) = g(x)

u(x, t) =

∞∑
n=1

(
An cos

nπat

L
+Bn sin

nπat

L

)
sin

nπx

L

u(x, t) = u1(x, t) + u2(x, t)

Solve for the below two cases then add them.

Zero Initial Displacement
utt = α2uxx

u(0, t) = 0

u(L, t) = 0

u(x, 0) = 0

ut(x, 0) = g(x)

u1(x, t) =

∞∑
n=1

sin
nπat

L
sin

nπx

L

An = 0

Bn =
2

nπa

∫ L

0

g(x) sin
nπx

L
dx

Zero Initial Velocity
utt = α2uxx

u(0, t) = 0

u(L, t) = 0

u(x, 0) = f(x)

ut(x, 0) = 0

u2(x, t) =

∞∑
n=1

cos
nπat

L
sin

nπx

L

Bn = 0

An =
2

L

∫ L

0

f(x) sin
nπx

L
dx


