ECE 240 Formula Sheet
Eddie Guo

Properties of Signals

fe(t) = f(t) = f(=1)

[afe dtfz/ St /lfo(t)dtzo

fe(t)+fe(t):fe(t) fO(t)+f0(t)—f0(t)
fe(®)fe(t) = fe(t) fo(t) fo(t) = fe(t) fe(®)fo(t) = fo(t)
v, 3f(t) st f(E) = fe(t) + fo(t)

fo(t) = 31 0) + (-]

Classifying Signals

Energy signal: E = / 2 dt < oo

T/2
Power signal (non-periodic): P = lim —/ |F())? dt
T—oo T —T/2
1 [T/2 )
Power signal (periodic): P = —/ [f()]” dt 0<P<oo
T J_7/2

ZA cos(w;t + ¢;) ZAZ
i=1
If a is period of f and b is period of g, period of f + g is LCM(a, b)

f1(t + k1Ty) + f2(t + k2T5) periodic iff k— E

fE+T) = W T

T = kT = ko1

Signal Operations

Time reversal: y(t) = f(—t)
Time shift: y(t) = f(¢t — b) b > 0: right, b < 0: left
Time scale: y(t) = f(at)

la| < 1: stretch, |a| > 1: compress, |a| < 0: reflect over y-axis
Combined ops: y(t) = f(at — b)

Time shift by b then scale by a OR scale by a then shift by b/a

Elementary Signals
Heaviside: H(t) = % + 1 arctan(\t)
m

1, t>0
0, t<0

) dt:(/Ttdt>u(t—T)

Unit step: u(t) = )‘lim H(t) = {
—o0

/_too u(t —

Rectangular pulse: pq(t) = u(t + d/2) — u(t — d/2) = {é: :i} i jg
Unit impulse: §(¢) = liir%) d%ft) = dl;gt), oc=1/\
/OO Sty dt=1, 6(t)=0, E£0  St)5(t—T) = ¢(T)s(t —T)

Sampling: /jo p(t)o(t —T) dt = /jc o(t)o(T —t) dt = ¢(T)

t
/ S(t—T)dt=u(t—T)  §(at) = |(11—|6(t) — 5(t) = 6(—t)
sinc(t) = Sl?t, zeroes at nm, n € Z
Complex exponential: f(t) = Ae*", s =0+ jw, A =|Ale’’

F(t) = |Ale”" (cos(wt + 6) + j sin(wt + 6))

o < 0: decaying sinusoid, o = 0: sinusoid, o > 0: growing sinusoid

Continuous-Time Signal Properties

o — H_ -

‘H is memoryless iff y(to) =

‘H is the system
H|[f(to)], else has memory.
H is causal iff y(to) is a fn of f(¢) for t < to (not future values).

H is linear iff a1 f1 + a2 f2 2, a1y1 +azy2. That is, given f1(¢) N y1 (%)
and f2(¢) LN y2(t), superposition and homogeneity are satisfied.

1. Is dy + 2y = f*(t) linear?

dt
d dy1
2. %+2 1—f12 — a1ﬁ+2a1y1—a1f12
d dys
3 & + 2 Y2 = f22 —— a2—— Y2 + 2(12:[/2 = CL2f22
dt dt
d

4. i —(a1y1 + az2y2) + 2(a1y1 + azy2) = a1f1 +a2f2 # (a1 f1+

asf2)?
H is time-invariant iff f(¢) 2, y(t) = f(t—
1. H:f—y, y=tf(t).
2. Let y1(t) =tf1(t), y2(t) = tf2(t), and fo(t) = fu(t = T).
3. Then y2(t) = tfi(t —T) but ys(t —T) = (t —T)f1(t — T).
4. Thus, H is time-varying.

Thus, H is nonlinear.

T) 2 y(t - T)

Another example:
1. H: f—y, yit) = f(at).
2. y1(t—T) = fila(t —T)) = fi(at — aT).
3. f2(t) = it =T) = ya2(t) =ya(at = T).
4. Thus, H is time-varying.
H is BIBO stable iff |f(t)] < A < 0o = |y(t)] < B < oo, A,BER.

Convolutions
Convolution: fi(t) * f2(t) = /_OQ () f2(t —7) dT
If A(t) = H(4(t)), then y(t) = H(f(t)) = f(t) * h(t). That is,

5(t) Mt () F(t) % h(t)

Commutation: f1(t) * fo(t) = f2(t) * f1(t)
Distribution: fi1 * (fa + f3) = fix fo+ f1x f3
Association: f1 % (f2x f3) = (f1* f2) * f3
Time shifting: f1(t — Ts) * falt — Tb) = y(t — Ty — Tb)
Si(t =T) = fa(t) = y(t = T) fi(t)« fot =T) =yt —T)

Convolution w/ unit impulse: f(t) x 6(t) =

f@)
Causal signals: fi1(t) * f2(t) = /Ot fi(n)fo(t —7) dr



LTI System Properties

H is memoryless iff h(t) = kd(t).

H is causal iff h(¢) =0Vt < 0.

H is is BIBO stable iff h(t) is absolutely integrable, i.e.,
/.

Ih(t)| dt < M < oo

Inner Products & Orthogonality

Inner product: (fi, fo) = /t2 F1(t) f2(t) dt

Orthogonal over [t1,t2] <= (f1,f2) =0

0, ; ]

Orthogonal set if f1,..., fn over [t1,t2] is (fi, f;) = Z 75]
Eij, i=7

Let S = {1, coswot,...,cosnuw,...,sinwot,...,sinnws,...}. Then S

is an orthognal set over the interval [—71/2,T/2] iff

1. {cos nwot, sin kwot) = 0, n#k
T/2, n=k#0
k
2. (sinnwot, sin kwot) = 0, n#
T/2, n=k#0

3. (1,sinnwot) = 0,
4. (1,cosnwot) = 0,

Trigonometric Fourier Series

fO)=ft+7T) = f(t)=ao+ Z (an cos nwot + by, sin nwot)
n=1
/T/2 27
= wo = =
T/2 T
T/2 9 [T/2
= —/ ) cos nwot dt b, = —/ f(t) sinnwot dt
T/2 T J_ 72
4 [T/2
ft)odd = ap=an=0 b, = T/ f(t) sinnwot dt
0
4 [T/2
f(t) even = b, =0 On = T/ f(t) cosnwot dt
0

Let f(t) =
Then if e () =

ft+T) and Si(t) = ao + Z(ao cos nwot + by, sin nwot).
n=1
f(t) — Sk(t),

1 [T/2
P (1) = /
¥ T 7T/2
T/2 1 k
@24 2
— = a, +by,)
LT R DU

If / |f(t)] dt < oo and f has finite number of maxima, minima,
T

T/2 1 k ) )
f/ t) dt — a3 — 2Z(an+bn)

T/2 n=1

lim a, = lim b, =0
n—o0 n— oo

discontinuities in each period, then the series converges to f(t) except

1 _
at discontinuities, where it converges to Q[f(td )+ FED)].

Compact Form

f(t)=co+ Z cn, cos(nwot + 0,)

n=1
co = ap cn = Va2 + b2 0., = arctan(—bn/an), 0, € [—7, 7]

Exponential Form

oo
D ejnwot
g n

_ On = Jbn _ an+jbn _
D, = 5 D_, = 3 Do = ao
1 . C . C i
Dp == [ ft)e ™" dt Dn= e Doy= e
7 [ foe e, 5
|Dn| = i — even fn /4Dy =6, D_,=-—0, = oddfn
|an| 0, an>0
t) even: |D,| = , £LDnp =
) |Dnl 2 +m, an <0
., 2, by>0
() odd: Dy = 2l sp, = 1T/ .
2 72, bn <0

CEE RS DSCRRIEE FRDIE I FE) oL A
f 0 2 — Qp n 0 2 - 0 ] n
. = = =
Z |D,,|? Py, is power of FS w/ k terms
Error to n%: Py, = (1 —n%)Ps Caution: Count the const term!
Identities
sin(z + y) = sinzcosy £ coszsiny ¢’ = cosf + jsin@
36 | —j6
cos(zx £ y) =coszcosy Fsinzsiny cosf = %
el? — 99
sin — cos : sinf = cos (6 — 90°) sinf = 57
J
cos — sin : cos@ = sin (6 + 90°)

Double Angle Formulas

sinx + siny = 2sin (Lﬂ) cos (x 7y)
2 2
sinz — siny = 2cos (x+y) sin (m—y
2 2
cosx + cosy = 2cos (w+y)cos (a:—y
2 2
x

CoOST — COSY = —2sin(

Half Angle Formulas

sinzsiny = %[cos(x —y) — cos(z + y)]
COST COSY = %[cos(:v —y) + cos(z + y)]
sinx cosy = %[sin(x +y) + sin(z — y)]
cosTsiny = %[sin(az +y) —sin(z — y)]

Fourier Transform

F(w) = F{/(1)} = / T p)e I dt

F(w)e’™" d
271'/ “

F#) = F H{Fw)



F(w) =Re{F(w)} + jIm{F(w)} |F(w)| even, £LF(w) odd

Frequency Response of LTI Systems

5(t) h(t) ) () * h(t)

Y
Freq response: H(w) = %

~

o

Y (w)| = |H(w)||F(w)]
H is distortion-free if H(w) = Ke iwto

Parseval’s Theorem (Continuous)

B = [ f d= o

F(w)]* d

3 | 1@ do

E spectral density: |F(w)|®
Time compression <= spectral expansion

Time expansion <= spectral compression

eI w| < we 1, |wl <we
LPF: |H(w)| = [H(w)| =
0, lw| > we 0, |w|>we
Impulse Response
Y(s) = H(s)X(s)
a(t) =6(t) = L[5()] =1 = y(t) = L '[H(s)] = h(t)
Given h(t), y(t) = L7'[ LIh(®)]L[z(?)] ]
Amplitude Modulation
AM Transmission
1
F{f(t) coswot} = 5 [F(w+ wo) + Fw—wo)]
F@) LPF gain: coswct signal
AM Reception
1 1
F{f(t) cos® wot} = QF(w) + 1 [F(w+ 2wo) + F(w — 2wo)]
BPF selects the carrier frequency w. and LPF removes the F'/4 terms.

signal BPF gain: cosw.t LPF

f(®)

Unilateral Laplace Transform

F(s) = - f(t)e " dt f(t) causal

A

it = [ Rt a

t) = — F(s)e® dt
27"] c—joo

LT exists if | f(t)] < Me™, oo € R
IVT: f(07) = lim sF(s)
S— 00

t— o0 s—
Partial Fraction Expansion
P . "
Real & distinct roots: (s) = K .. ﬁ K
Q(s)  s+tm s+ pj 5+ pn

PO,
K; = Q(s)( +p.7)‘5:*13j

£t {P(S)} =u(t) (Kie "'+ + Kje "' + ..+ Kpe )

Q(s)
Distinct complex roots: Pls) = K — 4+ K 4.
Q(s)  s+(a—3jB) s+ (a+jBh)
— s @ = iB)ummtamim = K10k
£t {ggiﬂ =u(t) [2|K|e"*" cos(Bt + Ok ) + -]
. P(S) _ Kl K2 . Kn
Repeated real roots: o)~ Gtpr + Gip R P
1 4@=1 N
Jj = (.7 . 1)| |:d8(j71) (S+p) F(S) ——p
Zero-Input & Zero-State Response
_ _N(s) , P(s)
Q)Y (5) = N(9) = POF(s) = Y(s) = 5 + 5P ()
——
ICs forcing fn
ZIR: yo(t) = L7} {g((j))} set input f(t) =0
ZSR: ys(t) = L7 {gg) F(S)} set ICs to 0

BIBO Stability of LTI Systems

P(S) bn_15n_1—|—~"+b0
Q(s) s"+ap—15""t + -+ ao

‘H is BIBO stable iff all poles of H(s) have a -ve real part.

H(S): = fBn +

If poles of a LTI sys has a -ve real part, then h(t) = £~ '{H(s)} admits
a FT H(jw) = F{h(t)}. Moreover, H(jw) = H(S)|s=jew-

Block Diagrams

Cascading Combination

Hl(s)

HQ(S)

Sum Combination

Hl(s)
Y(s) = H(s)F(s)
e e H(s) = Hi(s) + Hz(s)
(o) = H; 2
Feedback Combination
+ E(s)
F(s) —)CP—) H,(s) Hs(s) Y (s)




FT Properties

Operation Time domain Freq domain
Linearity a1 fl (t) + a2f2 (t) a1 (W) + asFy (w)
Symmetry F(t) 27 f(—w)

. 1 w
Scaling f(at) mF (5)
Time shift f(t—to) F(w)e 9wt
Freq shift f(t)ed=ot F(w — wp)
Time convolution f1(t) = f2(t) Fi(w)Fs(w)
Freq convolution f1(t) f2(t) QLFl (w) * Fy(w)

T

Time differentiation C(lit—j: (jw)"F(w)
Time integration / f(z) dz M + 7F(0)d(w)

27 Z D,,6(w — nwp)

n=—oo

ft)=ft+T)

Periodic signal

Symmetry/duality: F{F(t)} = 27 f(—w)

Symmetry example: Find f(t) = J-'*l{F(w) *8(w —wo)} if F(w) = rect (%)

1. Flw)*d0(w—wo) = /_00 F(1)0(w —wo —7) dr = F(w — wo)

2. Recall F(t) = 2nf(—w) = F{dsinc (%d>} = 27rect (—%) = 27rect (%)

— d . td Jjwot
}f2ﬂsmc(2>e

3. Also recall f_l{F(w —wo)} = f(t)ejw‘]t — F_l{rect (w - wo)

FT of Important Functions

| f(t) Flw | | f(@) Fw)
1 5(t) 1 10 el 276 (w — wo)
2 1 216 (w) 11 cos wot [0 (w — wo) + d(w + wo)]
3 u(t) 70 (w) ]iw 12 sin wot Jm[d(w +wo) — 6(w — wo)]
4 sgn t j% 13 coswot u(t) g[fs(w —wo) + 0(w +wo)] + ngjng
51 e u(t), a>0 - +1jw 14 sinwot u(t) 2%_[5@ —wo) — 6(w +wo)] + ﬁ
6 | eu(—t), a>0 " jjw 15 | e”* coswot u(t), a >0 (a+aj:)]2-w+wg
7| te”u(t), a>0 m 16 | e sinwpt u(t), a >0 Wiﬁ
8 | t"e “u(t), a >0 (a—i—}i)”“ 17 rect(t/d) d sinc%
9 e_a‘tl, a>0 %

F{f(t) coswot} = = [F(w~+wo) + F(w — wo))] F{f(t) cos® wot} = %F(w) + i [F(w+ 2wo) + F(w — 2wo)]

DNO| =



LT Properties

Operation Time domain Laplace domain
1 s
. S 1./s
Scaling flat), a>0 aF (a)
Time convolution f1(t) * fa(t) F1(s)Fs(s)
: . o df _
Time differentiation i sF(s)— f(07)
d*f _ _
o PE(s) ~ 5(07) ~ £/(07)
d3f 3 2 — 1(n— 10—
el s°F(s) —s"f(07) = sf'(07) = f7(07)
¢ 1
Time integration f(z) dx ;F(S)
0-
f(z) dx —F(s)+ - ft) dt
Time shift flt —to)u(t —ty) F(s)e 5, t3>0
Frequency shift F(t)e! F(s—so)
dF
Frequency differentiation —tf(¢t) diS)
Initial value thm foh) ILm sF(s)
Final value thm lim f(t) lim sF(s)
t—o00 s—0
(poles of sF(s) in LHP)
) , 67bs/a P s
Scale & shift Flat —b) - (5)

Unilateral LT of Important Functions

Q) F(s) | | f(t) F(s)
1| 6 1 7 t"e M u(t) (S_T;')n“
2| ) é 8 cos(bt)u(t) ﬁ
3| tu(t) S% 9 sin(bt)u(?) ﬁ
| ra) [0 | et eostnu(n) (sj;ﬁ
51 eMu(t) . i T |1 e~ sin(bt)u(t) (eraI))QerQ
6 | teMu(t) G _lA)Q




